Mixed zeta functions and application to some lattice points 

problems. 



D. Essouabri* 



Abstract: We consider zeta functions: Z(f;P;s) = X^meN™ /( m i> • • • > m n) P(mii ■ ■ ■ , %) ~ s ^ d 
where P £ . . . , X n ] has degree d and f is a function arithmetic in origin, e.g. a mul- 

tiplicative function. In this paper, I study the meromorphic continuation of such series 
beyond an a priori domain of absolute convergence when f and P satisfy properties one 
typically meets in applications. As a result, I prove an explicit asymptotic for a general 
class of lattice point problems subject to arithmetic constraints. 
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1 Introduction 

Let / : N™ — > C be a function and P £ K[.Xi, . . . , X n ] a polynomial of degree d. We define 
a mixed zeta function (associated to the pair (/, P)) as the series defined formally by: 

m£N" v ' 

These generating functions are natural objects to study when it is of interest to under- 
stand the asymptotic density of / (on average) restricted to the increasing family of sets 
{^(m) 1 /^ < t} as t — > oo. To do this, a classical method tells us that we must first find the 
domain of convergence D of Z(f; P; s) and then understand its behavior along the boundary 
of D. 

In the classical case when / is a polynomial (eventually twisted by additive characters), 
after work of many authors, the problem is now understood for a large class of P (see [17], 
[13], [2], [20], [19], [11], [4]). Some results have also been obtained if / is the characteristic 
function of a suitable open semi-algebraic subset of W 1 (see [14], [5]). 

However, for many standard arithmetic problems, the function / is irregular; typically, 
though not always, it will be multiplicative. In such cases, no general methods to study 
Z(f; P; s) are known since the works cited above need to begin with an integral represen- 
tation for the series. This requires the function / to have some reasonable expression as 
an algebraic or analytic function. If / is multiplicative, then it can sometimes occur that 
methods that begin with an Euler product expression for the series (see for example [3] and 
[1]) can be used, but in such cases, P must also be multiplicative, that is, a monomial. 

The point of this article is that it gives a method to study the analytic properties for "mixed" 
zeta functions Z(f; P; s), where / can be an irregular function, and P is any homogeneous 
polynomial with positive coefficients (which should suffice for typical arithmetical applica- 
tions). We call the class of / "functions of finite type" (see §3.1). Such functions are often 
encountered in a variety of arithmetic problems. For applications, it is quite useful to have 
as precise information as possible about a first pole of Z(f; P; s). Our main result, Theorem 

2 (§3.2), gives a criterion, which if satisfied, explicitly identifies the first pole as well as the 
leading term of the principal part of Z(f; P; s) at that pole. 

The applications that we present to illustrate this theorem are stated in §3.3, and proved 
in §4.3ff. They illustrate, in particular, the type of result that can be proved whenever the 
characteristic function 1b of a subset of N n is known (or can be shown) to be of finite type. 
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We give one simple example here that is a straightforward consequence of Corollary 1. Let 
B = {m = (mi, . . . , m n ) £ N n : Vi m; is square free }. 

When n = 1, it is a classical fact (see [21], Chap. 1.3.7) that the number of squarefree 
integers in the interval [l,i] is asymptotic to (6/7r 2 )t. Thus, #.B n [l,t] n is known to be 
asymptotic to (6/7r 2 ) n t n . If we now change the enclosing region from a box to one that 
is curved, say {P l / d < t} n , we would expect ffB n {P 1 /^ < i} to grow at a rate 
C n (B,P)t n , where the constant reflects both arithmetic and geometric properties of this 
set. Indeed, our result shows that for any elliptic polynomial P of degree d, the two features 
are independent of one another in the following sense. 

There exists 9 > such that as t -► +oo : #B n {P 1/d (m) < i} = C n (B, P) t n + O(f^), 
where C„(P,P) := (£) n • (± J s „-i nffi n P d " n/<i (v) <Z<t(v)) ( S"- 1 is the unit sphere). 
The factor in parentheses is geometric and first appeared in the lattice point problem studied 
by Mahler [13]. 

The starting point of our method is the classical and remarkable following Mellin's formula: 

(ELo ™kY (2m)r J pi _ loo ■ ■ ■ J pr _ loo w '-*--*r ( n - =i [ > 

valid if Vi = 0, . . . , r, K(u/j) > 0, Vi = 1, . . . , r pi > and 5ft(s) > pi H V p r . 

This formula implies that for p G R+™ and 5ft(s) > 1, 

2 rpi+ioo r-pr+lQO 

Z(f;P;s) = / ... / F(s;zi,... ,z r ) dzi ...dz r , 

^Z7TiJ J p 1 —ioc J p r —ioo 

where F is a meromorphic function in an open subset of C r+1 (see §4.1 for more details). 

In the classical case (i.e. / is a polynomial possibly twisted by additive characters) Mellin's 
formula was used by many authors ([17], [2], [15],...). In this event, the function F has a 
meromorphic continuation to the whole space C r+1 . Applying induction on the number of 
monomials of P, one then concludes that Z( f; P; s) has a meromorphic continuation to C. 
This method gives, except for some very special cases, only a set of possible poles. So, one 
cannot yet use it to determine the dominant term in the principal part at the first pole. 

If / is of finite type, the function that plays the role of F will not have, in general, a 
meromorphic continuation to C r+1 . Indeed, for many multiplicative functions, this is 
known to be impossible! Consequently the method that works in the classical case can- 
not be immediately applied to study Z( f; P; s) outside an a priori domain of absolute 
convergence, given, say, by 5fts > c. In particular, one can only expect to obtain a mero- 
morphic continuation of Z(f;P;s) to a half-plane of the form {9£(s) > rf\ along whose 
boundary there are essential singularities. Our method identifies a possible first pole 
o~0 < c > m complete generality, from which an upper bound for the counting function 
N{f; P; t) ■= E{meN"; P(m)Vd<t} f i m u ™n) immediately follows. 

The particular interest of Theorem 2 is its proof that the candidate first pole is a genuine pole 
of a precisely given order, provided that a certain analytic criterion is satisfied, from which, 
of course, follows the explicit dominant term for the asymptotic of N(f; P; t). Verification of 
this criterion requires some additional information about the behavior of the multivariable 
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Dirichlet series M(f; s) (see §3.1) in small neighborhoods of certain points on the boundary 
of its domain of analyticity. Such information is quite similar to that which was needed in 
earlier work on multivariable Tauberian theorems by Lichtin [12] and de la Breteche [3]. 
This criterion can be verified in specific cases, as our examples indicate. 

The principal idea in the proof of Theorem 1 (see §4.2) is to associate in a natural way 
several ("mixed") invariants to / and P. These combinatorial-geometric invariants allow 
a good control of the data within an induction argument, and, in particular, play a very 
important role in the proofs of the crucial lemmas 2 and 3 (see §4.1). 

2 Preliminaries 

2.1 Notations 

1. N = {1, 2, . . . }, No = N U {0}, and p always denotes a prime number; 

2. The expression: /(A, y, x)<C y g(x) uniformly in x G X and A € A means there exists 
A = A(y) > 0, such that, Vx G X and VA G A |/(A,y,x)| < Ag(x); 

3. For any x = (xi,..,x n ) G R n , we set ||x|| = y/x'f + .. + and |x| = + .. + \x n \. 
We denote the canonical basis of R n by (ei, . . . , e n ). The standard inert product on 
R n is denoted by (., .). We set also = (0, . . . , 0) and 1 = (1, . . . , 1); 

4. We denote a vector in C n s = (s\, . . . , s n ), and write s = cr+ir, where a = (<7i, . . . , a n ) 
and r = (ti, . . . , r n ) are the real resp. imaginary components of s (i.e. Oi = ift(sj) 
and Tj = for all i). We also write (x, s) for ^ XiSi if x G W 1 , s G C n ; 

5. Given o: G Nq, we write X a for the monomial X® 1 ■ ■ ■ X%™. For an analytic function 
/i(X) = J2 a a cJ^ OL -, the set supp(h) := {ex. \ a a ^ 0} is called the support of h; 

6. A function / : N™ — > C is said to be multiplicative if for all mi, . . . , m n G N and 
mi, . . . , m' n G N satisfying ^cd (lem (m^) , km (m-)) = 1 we have 
f(m 1 m' 1 ,...,m n m' n ) = f (mi, . . . ,m„) ./ (mi, . . . ,m' n ); 

7. A polynomial P G R[Xi, . . . , X n ] of degree d is said to be elliptic if its homogenuous 
part of highest degree Pd satisfies: Vx G \ {0}, Pd(x) > 0; 

8. Let F be a meromorphic function on a domain P of C ra and let 5 be the support of 
its polar divisor. F is said to be of moderate growth if there exists a,b > such that 
V<5 > 0, F(s) < <Ti<5 1 + \ T \ a ^ +b uniformly in s = a + rr G V verifying d(s, S) > 5. 

2.2 Preliminaries from convex analysis 

For the reader's convenience, some classical notions from convex analysis that will be used 
throughout the article are assembled here. 

Let A = {a 1 , . . . , a q } be a finite subset of W 1 . 
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1. The convex hull of A is conv(A) := Ko? | (Ai, .., \ q ) G R q + and £? =1 A * = X i 
and its interior is conv*(A) := {X)?=i A^oi* | (Ai, .., X q ) G R+ and X^f=i A « = l}i 

2. The convex cone of ^4 is con(^4) := {X)?=i AjQ 1 | (Ai, . . . , X q ) G R q + } and its (relative) 
interior is con* (A) := {£f=i A^a* | (Ai, . . . , X q ) G R*j_ 9 }. 

Let E be the set (or the boundary of the set) {x € R+ | (/3, x) > 1 V/3 € /} where / is a 
finite (nonempty) subset of R" \ {0}. E is a convex polyhedron of R™ \ {0}. 

1. Let a G R™ \ {0}, we define m(a) := inf xe s(a, x) and the face of E with polar vector 
a (or the first meet locus of a) as JF(E)(a) = {x£ E | (a,x) = m(a)}; 

2. The faces of E are the sets ^"(E)(a) (a <G R+ \ {0}). A facet of E is a face of maximal 
dimension; 

3. Let F be a face of E. The cone pol(F) := {a G R™ \ {0} | F = .F(E)(a)} is called the 
polar cone associated to F and its elements are called polar vectors of F. 

4. We define the index of E by t(E) := min{|o:|; a G E}. It is clear that 
.P(E)(1) = {x G E; |x| = fc(E)}. 

2.3 Construction of the volume constant 

The Sargos constant ([19], chap 3, §1.3) : 

Let P(X) = J2 ae 

supp(P) a a^ a be a generalized polynomial; i.e. supp(P) is a finite subset 
of R™ (and not necessarly of Nq). We suppose that P has positive coefficients and that it 
depends on all the variables X\, . . . ,X n . We denotes by £°°(P) := ( y conv(supp(P)) — R") 
its Newton polyhedron at infinity. Let Go be the smallest face of £°°(P) which meets the 
diagonal A = R + l. We denote by cfq = oo(P) the unique positive real number t that 
satisfies t~ l l G G$. We also set po = po(P) '■= codimGo. 

By a permutation of coordinates one can suppose that ffi^Rej © Go = R n and that 
{ej | Go = Go — R+ej} = {e m +i, . . . , e n }. 

Let Ai, . . . , Ajy be the polar vectors of the facets of £°°(P) which meet A. Set Pq {X) = 
EaeGo a « XO! and A = Conv{0, Ai,.. . ,Ajv,e po+ i, . . . ,e n }. 

Definition 1. The Sargos constant associated to P is: 

MP) ■= nl /[1,+ooh-™ (Jr;-'o P^ (l,x,y) dx) dy > 0. 

In ([19], chap 3), P. Sargos proved the following important result: 

Theorem ([19], chap 3, th. 1.6): Let P be a generalized polynomial as above. We 
set Y(P; s) := L +00 [ n P(x)~ s (fx. T/ie abscissa of convergence ofY(P; s) is gq = gq(P). 
Moreover s i— > V(P; s) /ias a meromorphic continuation to C, do is indeed a pole ofY(P; s) 
of order p and y(P; s) ~ a _ >ot A (P) (s - ao) - " - 

If P is elliptic the previous result can be sharpened as follows: 
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Proposition 1 ([13]). Let P G R[X±, . . . ,X n ] be an elliptic polynomial of degree d > 1. 
Denote by Pd its homogeneous part of greater degree. Then an = 4, on = 1 and the Sargos 

— L*« * p M r> = i / p;-,v)-(v, JL s- « «e L 

sphere of W 1 and da is induced Lebesgue measure. 
Construction of the volume constant: 

Let / be a finite subset of W r + \ {0}, u = (u((3)p e i) a finite sequence of elements of N, and 
b = (6i, . . . , b r ) G R+ . To this data, we associate the generalized polynomial P(/ ;u; b) with 
q := J2/3ei u iP) variables, in the following way: 

We define a 1 , . . . , a q by: {a* \ i = 1, . . . , q} = I and V/3 G I #{i G | a* = (3} = 

u(/3) (i.e. the family (q 1 ) is obtained by repeating each (3 u(/3) times). 
We define the vectors 7 1 , . . . , 7 r of M.\_ by: Vz = 1, . . . , q and V7c = 1, . . . , r, a\ = jf. 
We set finally P (J;u;b) (X) := ELi &* xV ■ 

We define the volume constant associated to I, u, b by Ao(-T;u;b) := A) (-P(/;u;b)) > 0- 

2.4 Some important constants: mixed exponents and volume 

Let P(X) = 61XT 1 + • • • + 6 r XT r Gl + [J 1: ...,1J. We set b = (61, ... , 6 r ) G R£. 

Let T = (I, u) where / is a finite subset of \ {0} and u = (u(/3))p eI a vector of positive 

integers. 

We associate to T and P the following (mixed) objects which will play an important role 
in the sequel of this paper: 

1. n elements a 1 ,... , a a of Nq defined by: cc*- = 7? Vz = 1, . . . , n and Vj = 1, . . . , r; 

2. fj,(T; P; /3) := YJU /W for all /3 G / and I t ,p = {/x(T; P; /3) | /3 G /}; 

3. u t ,p = (u T ,p(v)) velTP where u r ,p(r?) = £{/3e/ ; M (r ; P;/3)=r,} Vt 7 g j t ; p; 

4. po(^T) —E/ae/^-ranfcC/J + landpo^P) := Er, e / r , P «T,p(»7)-ronA:(/r ) p) + l. 

We will also use the following easy to check remark: 

po(T;P) = po(T) if rank (supp(P)) = n. In particular this is true if P is elliptic. 
We define finally the mixed volume constant by: 

A (T;P) = A {I T ,p;u T ,p;b) 

where An (It,p ', u f,Pj b) > is the volume constant associated to It,p',^t,p and b. 
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3 Statements of Main Results 



3.1 Functions of finite type: Definition and examples 

Let / : N™ w C be a function. We define formally M(f; s) := EmeN" ^'"iffi - 
Typically, though not always, the series that are of interest in number theory are created 
by expanding out an Euler product in one or more variables, in which case the function 
m — > /(m) will be multiplicative. Several works (see for example [10], [18], [3], [1]...) then 
indicate that Ai(f;s) should satisfy the following general property: 

Definition 2. A function f : N n — > C is said to be of finite type if there exists 
a finite subset I ofWl \ {0} such that if we set for all 5 G R: 

V(S) := {s G C n | (p, Ks) > 5 V/3 G /} n {s G C n | > OVi = 1, . . . , n}, 
(%) ,M(/;s) converges absolutely in V(l). 

(ii) there exist 8 < 1 smc/i t/iat A^(/;s) can 6e continued to the set V(5) as a meromorphic 
function with moderate growth in 9s and polar divisor {Jp e i{(/3,s) = 1}- 

We define £/ = R" n d ({x G R n | (/3,x) > 1 1 V/3 G /}) C dV{l). 

For each c G Sj n R™, we associate the pair T c := (7 C , u), where I c := {/3 G / [ (/3, c) = 1} 
and u = (u(/3))^ eJ is a vector of positive integers defined by the following property: there 

exists £o > such that s ^ H c (f;s) : = ( ] [ (( s 5 P)) u ^) M(f;c + s) has a holomorphic 

pei c 

continuation to the set {s G C n | o~i > —Eq Vi}, and does not vanish identically along 
(s,/3) = 0. Thus, u((3) equals the order of the pole of M(f;c + s) along {(s,/3) = 0} at 
s = 0. 

We call the pair T c the polar type of / at c. 
Examples of functions of finite type: 

1. If / is a monomial possibly twisted by additive characters then / is clearly of finite 
type. We call this case the classical case; 

2. Uniform multiplicative functions (see remark 5 §3.2), among which are characteristic 
functions of multiplicative sets; 

3. The functions / where the Dirichlet series Ai(f,s) belongs to the class of Dirichlet 
series with Euler product studied by N. Kurokawa [10] and B.Z. Moroz [18]. 

3.2 Results about mixed zeta functions 

Let P(X) G R+[Xi,...,X n ] be a homogeneous polynomial with positive coefficients which 
depend on all the variables X\,..., X n . We denote by d > 1 its degree. Let / be a function 
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of finite type (see definition 2.) Set Z(f;P;s) := y~] 



P(mi ..... m„) s / d 

Recall (see §2.2) that JF(£j)(l) denotes the face of £j whose polar vector is the diagonal 
vector 1. For simplicity, the index *.(£/) is denoted i(f) in the following. 
We now define the mixed data as follows: 

E f (P) := E/ n con* (supp(P)) , E/(P; 1) := .F(E/)(1) n con* {supp(P)) , 
and the two indices 

t(/;P) = inf{|c| : c G S^P)}, p(/;P) = mm{po(T c ;P) : c G S 7 (P) and |c| = i(/;P)}. 
The main results of this paper are the following two theorems. 

Theorem 1. Assume that £/(P) ^ 0. Then s \— > Z(f;P;s) is holomorphic in the half- 
plane {s : a > t(/;P)} and £/tere exists r/ > suc/i £/ia£ s i— > Z(f;P;s) has a meromorphic 
continuation with moderate growth to the half-plane {a > i(/;P) — rj} with at most one pole 
at s = i(f; P). // i(f; P) is a pole, then its order is at most p(f; P). 



Remark. In general, one should not expect £/(P; 1) to be nonempty when £/(P) ^ 0- 
As noted in §2.2, the function c £ Ej -> |c| assumes its minimal value t(f) on the face 
P(X/)(1) of E f . Thus, when £/(P;l) = 0, it follows that t(f) < t(/;P). However, if 
£/(P; 1) 7^ 0, then /.(/) = i(f; P). In this case, Theorem 1 says that Z(/; P; s) must always 
remain analytic up to, at least, the index of £/. □ 

Although Theorem 1 is quite general, it is also not as explicit as one would like in practice. 
The following theorem gives, under some natural assumptions, a more explicit description 
of the domain of analyticity, as well as the principal part of Z(f; P; s) at its first pole: 

Theorem 2. Assume that there exists c G £/(P; 1) such that: 

1. 1 G con*{I c ); 

2. there exists a function L such that: M(f;s) = L (((/3, s)) ( g e / c ). 

3. P c (/;0)^0. 

Then s = i(f) is indeed a pole of order p(f; P) and 

Z(f; P; s) ~^ t(/) C( /;^L ) , ^ere C(/; P) := H c (f; 0)d^A (T c , P) + 0. 



Let me now give some additional remarks: 

Remark 1. If P is elliptic, then con* (supp(P)) = R*p. Consequently S/(P;1) = 
P(£/)(l). 

Remark 2 From the definition of I c it follows that the smallest face which contains c is 
f] /3£lc J 7 (T,f)(/3). A well known result of convex analysis then implies that the set of its 
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polar vectors is con*(I c ). So assumption (1) of theorem 2 is equivalent to: 
(1)' is the smallest face of £/ which contains c. 

Remark 3. The assumption (2) of theorem 2 is always satisfied if rank (I c ) = n, in 
particular if c is a vertex of Sy. 

Remark 4. In the classical case where /(m) = m M is a monomial, we have M(f;s) = 
nr=i C( s « — n i) • Thus it is clear that / is of finite type. Moreover, if we set / = {^j" e i I i = 
1, . . . , n}, then the domain of convergence of M. (/; s) equals Vf = {s G C n ; (f3, s) > 1 V/3 G 
/}. In particular it is clear that c = (1 + ui, . . . , l + n n ) £ JF(£j)(1) and that the polar type 
of / in c is T c = (I; u) where u{j3) = 1 for all (3 £ /. In addition, conditions (1), (2) and (3) 
of Theorem 2 are easily verified. Thus, if the polynomial P satisfies c G con* (supp(P)) , 
then the conclusion of Theorem 2 follows. 

We will check this if fi = and P is elliptic. In this case, it is clear that i(f) = |c| = n and 
/>(/; P) = p (T c ; P) = E/ae/ «G9) " rank(I) + 1 = 1. Thus, 

Z(P;,)= J] p-^(m)=^(l;^ S )^(/)^^. 

m£N" ^ ' 

Moreover, it is easy to see that in this case Aq(T c ,P) = Aq(P) the Sargos constant (see 
§2.3). So we find Mahler's result [13] without the factor 1/d (due to the normalization 
s — ► s/d). 

Remark 5. Let / : N n — > C be a multiplicative function. We suppose that / is uniform 
i.e. that there exist two constants C, M > such that for all prime p and all v £ Nq 
f(p vi , ■ ■ ■ ,p ui ) is independent of p and verifies f{p Ul , ■ ■ ■ ,p Un ) < C(l + |^| M ). 
Set = £ NJ \ {0} | f(p"\...,p"") + 0}. Denote by := = 

conw (S*(f) + R") its Newton polyhedron. We assume that F (E(f)) , its smallest face 
which meets the diagonal, is compact. Let c 6 be a normalized polar vector of J 7 (E( f)) 
(i.e. J" (£(/)) = £(/) n{x6K" (c, x) = 1}). Then it follows from [7] that / is a function 
of finite type, that the polar type of / at c is T = (J c ; u), where I c := T (E(f)) n S*(f), 
and u = (fip 131 , ■ ■ ■ iP^ n ))p e i- Moreover if P is elliptic then c G Sj(P; 1) and: 



1. Assumption (1) of theorem 2 is satisfied by definition of c; 

2. Assumption (2) of theorem 2 is satisfied if, for example, rank{T (E(f))) = rank(S*(f)). 

3. Assumption (3) of theorem is 2 also satisfied by ([1], Theorem 6). 



In particular if T (E(f)) is a compact facet of the polyhedron E(f), then all the assumptions 
of theorem 2 are satisfied. 



3.3 General counting functions and lattice points problems 

By a simple adaptation of a standard tauberian argument of Landau (see for example [6] , 
Prop. 3.1)), we obtain, with the notations of theorems 1 and 2, the following: 
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Corollary 1. Let f : N n — ► M.+ be a function of finite type and P G M + [Xl, . . . ,X n ] be a 
homogeneous polynomial of degree d > 1. Define: 

N(f;P;t):= £ /(mi, . . . , m n ), t > 0. 

{m£N»; P(m) 1 /d<t} 



OO. 



Assume that E/(P) / 0. TTten N(f;P;t) = O (V( /;P ) (log t)^^" 1 ) as f 

iVou> assume that there exists c £ Sy(P; 1) satisfying the conditions of theorem 2. Then 
there exist 9 > and a polynomial Q ^ of degree p(/; P) — 1 suc/t t/iai as £ — > oo 

iV(/;P;t) = i^)g(logi) +0 (t^)- 9 ) = C (/;P) ^(logt)'^)- 1 (l + O ((logt)- 1 )) , 

where 

r (f- P) ■= = H c (f;0)dP(f< p )A (T c ,P) 

oU ' i(f) (p(/;P)-l)! t(/) (p(/;P)-1)! " 

Remark: Corollary 1 estimates counting functions associated to a large class of multi- 
variable arithmetic functions and polynomials. To our knowledge, the only comparable 
result is due to de la Breteche [3] who proved estimates for counting functions of the form 
eN n ; max, m,<(} /( m h • • • i m n) for functions / satisfying conditions similar 
to those in Definition 2. So corollary 1 can be viewed as an extension of his result to a class 
of generalized heights determined by a homogeneous P G R+ [X\ , . . . , X n ] . <0 

We apply this Corollary to some cases of arithmetic interest. The first example is motivated 
by the work of K. Matsumoto and Y. Tanigawa [16]. Consider n arithmetical functions 
fj : N — ► C (j = 1, . . . , n). We assume that for each j there exist Cj > 0, Uj G N and rjj > 

such that the zeta function Z(fj;s) := Y2m=i ■ converges absolutely in the half-plane 
{a > Cj} and has a meromorphic continuation with moderate growth to {a > Cj — n} whose 
only pole occurs at s = Cj with order Uj. 

Let P(X) G R[Xi, . . . , X n ] be elliptic of degree d > 1. 

Then, for 5fts sufficiently large, the series: Z(f;P;s) := /i(mi) . . . / n (ra n ) 

converges absolutely. For t > define: N(f ; P; i) := fi(mi) ■ ■ ■ fn(mn)- 

{meN"; P 1 /d( m )<t} 

Set c = (ci, . . . , c n ), c := |c| = c\ H V c n and p : = Sj=i u j ~n + 1. 

Also, set 7 := {c" 1 ^ | j = l,...,n}, u = (u((3))p eI , where u(c~ 1 e J ) = uj for all j, 

To = (7; u), and Aq(Tq; P) the mixed volume constant associated to Tq and P. 

Finally, for each j = 1, . . . , n, set Aj = lim s ^ s Uj Z(fj; P; cj + s) / and A := ]lj=i Ar 

Corollary 2. There exists n > snc/i f/iai s i— > Z(f;P;s) /ias a meromorphic continuation 
with moderate growth to {a > c — rj} whose only pole is s = c with order equal to pQ. 
Moreover: Z(f; P; s) ~ s ^ c ^ d p M (T , P) (s - c)~ p0 . 
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If we assume in addition that f\{m\) . . . f n (m n ) > then there exists 5 > and a polynomial 
Q ^ of degree po — I such that 

N(f; P; t) = t c Q(log t) + 0(t°- s ) = C f log^ 1 1 ■ (l + °(^)) as t ^ oo, 



where C = 



c(po-l)! 



Remark. In fact, [16] only studied the meromorphic continuation of the multiple zeta 
function V mP „„ AK)-/.K) . T h e point of Corollary 2 is that it extends [ibid.] by 

z— /mfcisi m 1 ...(mi-\ hm„) s » J 1 1 J 

noting that Corollary 1 can be applied to deduce precise information about the principal 
part of any mixed zeta function Z(t; P; s) at its first pole, as well as an explicit asymptotic 
of N(f;P; t) whenever f (m) := f\{m\) . . . fnirrin) > 0. 

A particular application of this corollary is therefore the following. Let k > 2 be a positive 
integer and let denote the set of lattice points m G N n such that each rm is "k— free" 
(i.e. v p {mi) < k — 1 for any prime p) and set \s k to be the characteristic function of B^. 

Corollary 3. Let P € R + [Xi, . . . , X n ] be elliptic of degree d>\. Set 

N(l Bk ; P; t) := #{m € N n | P^ d (m u ...,m n )<t and mi is k — free \/i }. 
Then there exists 9 > such that: N(l Bk ;P;t) = C n (B k ,P) t n + O (t n ~ e ) , where 

C n (B k ,P) := (J-Y .If P d n/ \v) da(v). 

Remark. B2 is the set of lattice points m 6 N n such that each mi is squarefree. In this 
case Corollary 3 gives C n (B 2 ,P) := (^)™ \ / § „-i nIR „ P d n/d {v) da{\). 

A second application of Corollary 1 concerns the subset D k of m G N n such that mi • • • m n is 
k— free. This set is not the n— fold product of a multiplicative subset of N whose asymptotic 
is standard. So, we should not expect the constant in the main term to have as simple a 
structure as in Corollary 3. 

Corollary 4. Let P G R + [Xi, . . . ,X n ] be elliptic of degree d > 1. Let k > 2 be a positive 
integer and set 

N(l Dk ;P;t) = #{m = (mi, . . . ,m n ) G N n : P 1/,(i (m) < t and m 1 ...m n is k-free}. 
Then there exists 6>0 such that: N(l Dk ;P; t) = C n (D k , P) t n + O (t n " e ) , where 

k-l (n+l-l\ 



C n (D k ,P) :-- 



A fourth class of examples is restricted to n— tuples of the primes V. Let H G Z+[X\, . . . , X n ] 
be a polynomial. For any positive integer k, set V k (H) := {{pi, ■ ■ ■ ,p n ) £ V n \ k = 
H(pi, . . . ,p n )}- The following corollary gives some results about V k (H) on average, assum- 
ing (RH). Set for all t > 0: 
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1. NWy>»;H;t) := Z k < t V k (H) = Z {ipu ..., Pn) eV- Hipi ,..., Pn) <t } 1, 

2. NV(r»;H;t) := £ {{pi ,..., p „ )6 ^ ; H(p 1) ..., P „)< t} logPi ■ • • logPn 

3. NW{V n ;H;t) := £ {(mi ,... >mri)eN n. H(mi ,..., mn) < J} A(mi) . . . A(m n ) where A denotes 
Mangoldt's function. 

In order to obtain some results toward Goldbach's conjecture on average, the functions 
N^(V n ;H;t) and N (2 \V n ; H;t) have been studied by several papers ([8], [9], ..) in the 
particular case H{X\,X2) = A"i + X2. In such work, the important point has been to get as 
good an error term as possible. One can, however, without much additional effort, derive 
from corollary 2 above an explicit main term for a large class of nonlinear polynomials H 
as follows. 

Corollary 5. Let H € R+[Xl, . . . , X n ] be an elliptic polynomial of degree d > 1. Assuming 
(RH), there exists 5 > such that for each i € {1,2}: 

N^{V n ;H;t) = C t n / d + 0{t n / d - & ) , where C=\ J§„-i nffi n R- nld iy) da(y). 

Remark. By using corollary 5, it is easy to see that for any elliptic polynomial H of degree 
d > 1, there exist a, (5 > such that for all t > 0: 

a t n / d (logt)- n < N^(V n ;H;t) :=J2 V k( H ) < t n/d - 

k<t 



4 Proofs of Theorems 1 and 2 and their corollaries 



4.1 Fundamental lemmas and their proofs 



In this section we will gather some important lemmas for the proofs of our theorems. Lemma 
1, rather elementary, will enable us to justify convergences of the integrals in our proofs. 
Lemmas 2 and 3 are the heart of our method and constitute the most important technical 
part of this work. 

Lemma 1. Let . . . , fi r be vectors ofR n and let I € R. Set for all r G R: 

F n {r):= I fr(l + | yi |)'e-i(S?=il^l+Er=il<M i ,y>l+|r-Er=i^-E? =1 <M i ,y)l) dyi ...dy n 
71 i= i 

There exist A = A(l,n),C = C(l,n) > such that Vr G R: F n (r) < C (1 + |r|) A e^M. 



Proof of the Lemma 1: 

Set Vn(Z;r) :=/ M „nr=i( 1 + l^l)' e " f(Er=ll2/il+|r ~ E?=l2/<l) d Vl ...dy n . Since 



i=l 



r - lyl -^(M l >y) 



i=i 



> 



E^>y) + r -iyi-E^y) 



i=i 



> \ T - |y|| • 
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It follows that F n (r) < ip n (l;T). So to prove the lemma it is sufficient to prove the same 
inequality for ip n (l; r). We now proceed by induction on n. 

• Case n=l: 

It is sufficient to prove the inequality for ipf(l;T) = Jq + °°(1 + y) l e~2(y + \ T ~y\) dy and r > 1. 
The inequalities for the other cases rise in a similar way. 
For r > 1 we have: 

r+oo 

^ + (/;r) = / (l + y) , e -5(»+l T -i'l) dy 
Jo 



^ dt 



= J (l + y)* e -f(f+l^-fl) dy + J (l + y) l e-^ y+ \ T 

/+oo r+oo 
(l + y )i e -«i/ dy t 1+1 + e-% T J (t + r) 1 

/+oo 
(l + tj'c-^ (r + l) m e-f T . 

This proves the lemma for n = 1. 
• End of the induction: 

Let n > 2. Assume that the lemma is true for n — 1. Thus there exists A > such that 
VVi-i(/;t) <2 (1 + |r|) A e _ ?l r l (r € R). It follows that we have uniformly in r £ 1: 

„ n 

Mhr) ■= / T\(l + \ yi \) l e-H^M+\T-U=iyi\) dyi ...dy n 

/ ^n-i(i;r-y„) (1 + |y„|)'e - 5lw»l dy n 

«z, n / (1 + |r - y n |) A e _: 5 |T_2/n| (l + |y„|) / e~^ ls/n| dy n ( by the induction hypothesis) 
Jr 

«,,„ (l + |r|) A / (l + \y n \)^e-¥M+\r-y n \) d y n ^ n (l + \r\) A MA + l;r). 
JR 

We finish the recurrence and the proof of the lemma 1 by using the case n = 1 above. <0 

Before stating the central lemma of this paper, we will first introduce some needed notations: 
Let a G R^, q G N, p > 0, 5 > 0. Let I be a finite subset of R n \ {0} and u = (u(a)) aeI 
be a finite sequence of positive integers. Set for all S',p' > 0, 

V(5';p') := {(s,z) G C x C n | a > a - 5' et \$t( Zi )\ < p' Mi = 1, . . . , n}. 

Let L(s,z) be a holomorphic function on X>(2<5;2p). Assume that there exist 1,1' > such 
that we have uniformly in (s; z) G T>{25; 2p): 

n 

L(s;z) < J](l + |y,|)'(l + |r -yi y n |) ff +'' e 5(M-£*=i l«*l-K-E?=iwl). 

i=i 

We denote by Iq the set of real numbers which are the coordinates of at least one element 
of I, and by Q(-Zq) the number field generated by Iq. 
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We set also for all p = (p±, . . . , p n ) g] — p,+p[ n such that pi,...,p n are Q(Jo)-linearly 
independent and for all (3 G W 1 , 

^ +iao fP" +io ° L(s;z) dz x ...dz n 



T n (s) = T n (a, q, I, u, p, (3, L; s) := — — / . . . / 

(ziri) J Pl -i 00 J p 



u(ot) 



pi -zoo J Pn -ioo (s - a - {(3, z))<? Y\ aeI {a,z) 
We define finally e(/3; L) by: 

e((3;L) = 1 if /3 G con* (I) \ {0} and if there exist two analytic functions H and ?7 on 

P(2<5; 2p) such that L(s; z) = U(s; z)H (s; ((a, z)) aeI ) and H(s; 0) = 0. 

Otherwise we set e(f3;L) = 0. 

We can now state the crucial lemma of this paper: 

Lemma 2. 1. s i— > T n (s) converges absolutely in {a > a + ^™ =1 

,2. There exists n > swc/i t/iai s i— > T n (s) has a meromorphic continuation with moderate 
growth to the half-plane {5R(s) > a — rj} with at most a single pole at s = a; 

3. If s = a is a pole of T n {s) then its order is at most d n , where 
d n '■= J2 a ei u ( a ) ~ r ank{I) + q- e((3; L) . 

Proof of lemma 2: 

To prove lemma 2, we will proceed by induction on n. 

Throughout the discussion, we use the following notations. Given z = (z±, . . . , z n ) we set: 
z' :=(*!,... , z n . x ) and l{z) := ±z> = (fL, . . . , fe=i) if , n ^ . 

Step 1: Study of the case n = 1: 

Set A = n aG / « M(o) and c = Eae/ We havc: 

_J_ /^+ io ° L(s;z) dz _ 1 r pl+io ° L(s;z) dz 

1{S) ~ (2^) J pi _ ioo ( s -a-pz)i U a& i( az ) u{a) ~ {^i)Aj p ^ ioo (s-a-pz)W 

From our assumptions and lemma 1 it follows that s <— > Ti (s) converges absolutely and de- 
fines a holomorphic function with moderate growth in {a > a — n} where n = inf(— /3p±, 5). 

• If (3p\ < then r/ > 0. This proves the lemma in this case. 

• if 8 = then Ti (s) = .x A ^ r Pl+ * 00 L ( s > z ) dz follows that s i— > Ti (s) has a mero- 

morphic continuation with moderate growth to the half-plane {o>a — 5} with at most one 
pole at s = a of order at most q < d±. 

• We assume dpi > 0: 

The residue theorem and lemma 1 imply that for a > a + (3p\ : 

T l(s ) = T 1 '( S ) + T 1 "( S ) where T[(s) = ^ and T"(s) = \Res z=Qj ^§^ 

It is clear that s i— > T{(s) converges absolutely and defines a meromorphic function with 

moderate growth in the half-plane {a > a — r]} where rj = inf(<5, (3 pi). 

If c = then T['(s) = 0. Thus 7i(s) = T[(s) satisfies the conclusions of lemma 2. 

We assume now that c > 1. An easy computation shows that 
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We deduce that T\(s) has a meromorphic continuation with moderate growth to {a > a — 77} 
with at most one pole at s = a of order at most: 



1. ord s=a T 1 (s)<q + c-l = q + ^2 /3eI u(f3)-rank{I)=d 1 if L(s, 0)^0 
(because in this case e(/3; L) = 0); 

2. ord s=a Ti {s)<q + c-2 = q + Y,p eI u(P) ~ rank(I) - 1 < di if L(s, 0) = 0; 
Therefore the lemma 2 is true for n = 1. 

Step 2: Let n > 2. We assume that lemma 2 is true for any k < n — 1. We 

will show that it also remains true for W l : 

We justify this assertion by induction on the integer 

h = h((3,p) :=#{i€{l,...,n} I ftPi >0} € {0,...,n}. 

• Proof of lemma 2 for h = 0: 

Since /i = then for each z = 1, . . . ,n, fiipi < 0. It follows from lemma 1 that s 1— > T n (s) 
converges absolutely and defines a holomorphic function with moderate growth in the half- 
plane {a > a — 77} where 77 = inf(— (/3, p), S) > 0. Thus lemma 2 is also true in this 
case. 

• Let h € {1, . . . , n}. We assume that lemma 2 is true for h(/3, p) < h — 1. We will 
prove that it remains true for h((3,p) = h : 

If /3 = then T n (s) = „i ^ f pl+lo ° . . . f pn+to ° gsL^kd^ . Since the Pi are linearly 

" "v ^ (27ri) n (s— a)i Jpi— too Jp n — too Yl j (a,z) 1 ' 

independent over Q(/o)> lemma 1 implies that lemma 2 is true in this case, in the sense that 
there is at most one pole at s = a of order at most q < d n . 

If (3 ^ and fiipi < for all i = 1, . . . , n, then there exists i$ such that 0i Q pi o < 0. In 
this case, it is also easy to see that s i— ► T n (s) is holomorphic with moderate growth in 
{a > a — r]} where r] = inf(<5, —f3i Pi ) > 0. It follows that lemma 2 is also true in this case. 
So to finish the proof of lemma 2 it suffices to consider the case where there exists i G 
{1, . . . , n} such that fiipi > 0. 

Without loss of generality we can assume that (3 n p n > 0. 

ol\P\ H V a n ^ip n -i 



Set J := < a. <G / | a n ^ and 



< W 



Consider the equivalence relation 1Z defined on J by: alZ-y iff a„7 = 7 ra a. Denote by 

Ji,...,J r its equivalence classes (they form a partition of J) . 

Choose for each k = 1, . . . , r, an element o: fc G Jfc and set c& := ^Q, e j fc n(ct). 

Since pi,...,p n are Q(7o)-hnearly independent, it follows from the residue theorem and 

lemma 1 that there exist constants Ai, . . . , A r Gl such that: 

n r 

V<T>a + Y,\M, T n (s)=T° a (s) + Y J A k Tt 1 (.s) (2) 



i=l k=l 



where 



1 /-Pi-Hoo fPn-i+ioo r-pn+ioo L(s; z) d Zl . . . dz r) 



rpi+ioo fp n -i+ioo r 

T ' (s):= (2^/ . ■7 . / 

J p-i-ioo J p n -i-ioo J- 



Pn -ioo (s-a- (/3,z))^n«e/ ( a ' z ) 



u(ct) 
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and for each k = 1, . . . , r : 

k 1 rpi+ioo /•/>„_ i+icx 

(2Tri) n 1 J p 1 -i OQ J Pn-l — 



(c k - 1)! 
a \ Cfc_1 L(s;z) 



0*J (,-a-(/3,z)) ? n« e /vJ"' z ) U(a) 



cfai . . . cfe n _i. 

=-(Z(« fe ),z'> 



Since h ((3, (pi, ... , p n -\, —p n )) = h((3, p) — 1 = ft — 1, the induction hypothesis for ft, — 1 
implies that s i-> T°(s) satisfies the conclusions of lemma 2. So to conclude, it is enough to 
prove lemma 2 for each s i-> T^_ 1 (s). 

We then choose and fix any fc G {1, . . . , r} for the rest of the discussion. 
An easy computation shows that: 

Tn-i(s)= J2 w(u,v,(k a ))R k (u,v,(k a );s) (3) 

U + V +T. ae i\j k k a =c k ~i 

where u, v and the k a are in No, each w (u,v, (k a )) G M and 



| rpi+ioo rpn-l-i 

R k (u,v,(k a );s) := / ... / 

{^'^J J p 1 -ioo Jp n _ 1 -i 



(4) 



_i— too 

§±( S ; Z >,-(l( a k ),z')) dz 1 ...dz n - 1 



(s-a-((3>- (3 n l(a k ), z')) q+v U aeI \J k <«' " Ma*),^ ' 

So to conclude it suffices to prove lemma 2 for each R^ (u, u, (fcct)j s). 

We fix now u, u G No and (k a ) a( - I ^ Jk such that u + v + k a = c k — 1. 

aei\J k 

The induction hypothesis implies that there exists 77 > such that s 1— > R^ (u,v, (k a ); s) 
has meromorphic continuation with moderate growth to the half-plane {a > a — 77} with at 
most one pole at s = a of order at most 

ord s=a R k (u, v, (k a ); s) < ( ^ u(a) + k a J - rank(V) + (q + v) - s (j3' - (3J(a k ); L u ) , 

(5) 

where V := {a' - a n Z(a fe ) \ a e I \ J k } and L u (s;z') := £± (s;z' , -(l(a k ),z'}) . 

Set V" := ja — ^|a fc | a G / \ J fc } = {(a' - a n l(a k ), 0) | a G / \ J fe }. 

It is clear that rank(V) = rank(V). Moreover it follows from the definition of a k that 
7^ 0, and therefore at k g" V'eciR(V'). We deduce that: 

rank(I) = rank(V U {a k }) = rank(V) + 1 = rank(V) + 1. (6) 
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So it follows from (5) and (6) that: 

ord s=a R k (u,v,(k a );s) < ( ^ u(a) + k a ) - rank(V) + q + v - e (j3 r - f3J(a k ); L u ^j 

aeI\J k 

= c fc -l+ Yl u(a) - rank(V) + q - u - e (ft - (3 n l(a k ); L U ^J 
aei\J k 

< Y u ( a ) - (rank(V) + 1) + q - e ((3' - (3J(a k ); L tt ) - « 

< ^ u(a) - rank(I) + q - e (ft - (3J(a k ); L u ^j - u. 

Thus from the definition of d n we see that: 

ord s=a R k (it, u , (fc«); s) < d n + e(/3; L) — e (ft - (3J(a k ); L tt ) - u. (7) 

If e(/3; L) — e (ft — j3 n l(cx k ); L u ^j < or m / 0, then ord s=a Rk (u, v, (k a ); s) < d n , which 
completes the proof. 

So, we now assume that u = and e(/3; L) — e (ft — f3 n l(a k ); Lo) > 0, that is, 
u = 0, e(/3; L) = 1 and e (ft - (3 n l(a k ); L ) = 0. 

Therefore we assume that /3 <G con*(/)\{0}, and L is of the form L(s; z) = U(s; z)H (s; ((a, z)) agJ ) 
with fl"(s; 0) = 0. 

It is then clear that Lo is also of the form: 

L (s,z') = U(s;z')h(s;((^z'))^ v ) with (s; 0) = 0. (8) 

This and the fact that e (ft — f3 n l(a k ); L^j = imply that we have necessarily: 

ft-^( a k )' ?con*(V)\{0}. (9) 



Since f3 G con* (I) \{0}, there exists {A Q } Q£ / C such that /3 = ^ ae / A^a. This implies 
/3' = Ylaei X <* a ' and ^ = Sae/ ^ a «' We deduce that: 



ft-(3 n l(a k ) = ^2X a cx'-^2X a a n l( a k ) = ^2\ a ( a '-a n l( a k )) 

= ^2 A a (ot' — a n l(a k )j (because a! — a n l(a k ) = if a € Jk)- 



a&I\J k 

It follows that ft - f3J(a k ) € con*(V). Therefore (9) gives ft - f3 n l(a k ) = 0. 
It follows then from (4) that 

ord s=a Rk (0, v, (k a ); s) < q + v = q + c k - 1 - ^ k a < q + ^ u(a) - 1. (10) 

a.eI\J k ctGJfe 
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But /3'-f3 n l(a k ) = implies also that f3- = ((3' - (3 n l{ot k ),0) = 0. Therefore we get 

f3 = —r;ct k . In particular, since (3 / 0, we have /3 n / and thus Vect^(Jk) = Mcti fe = M/3. 

Since /3 G con* (I), it follows that rank(I) = rank(I \ {(3}), which, we therefore now see, 
implies rank(I) = rank(I \ unless I = J^. 
Assume first that I ^ J^: 

In this event, combining (10) with the fact that rank(I \ = rank(I), we conclude: 

u(a) + rank(I) — 1 



,cxei\J k 



< 


q + ^u(cx) 


— rank(I) 








< 




— rank(I) 








< 




— rank(I) 




ctei" 




< 




— rank(I) 









Assume that / = 

It is then clear that V = and it follows from (8) that Lq(s; z') = 0. Since u = 0, (4) implies 
that Rk (0, v, (k a ); s) = 0, in which case, it is obvious that we have ord s=a Rk (0, v, (k a ); s) < 
d n . 

We conclude that for any u,v, (k a ), ord s=a Rk (u,v, (k a ); s) < d n . This finishes the induc- 
tion argument on h, therefore, also on n, and completes the proof of lemma 2. <0 

Lemma 3. Let a = (a±, . . . ,a r ) G and a = |a| = a± + ■ ■ ■ + a r . Let L be a finite 
nonempty subset of \ {0}, u = («(/3)) i g e / a finite sequence of positive integers and 
h = (hi, . . . , h r ) € W± . Assume that: 1 € con(L) and that (a, a) = 1 for all a £ L. 
Let p e W£- For a = K(s) > a + \p\ set: 

(2 m y J pl _ ioo ■ ■ ■ J Pr _ ioo r(s) nLi h a*+» Uctei (a> B> «(«) 

T/ien i/iere exisfe 77 > suc/i that s 1— > 7£(s) /ias a meromorphic continuation to the half- 
plane {a > a — rj} with exactly one pole at s = a of order po := J2pei U (P) — rank (I) + 1. 

Moreover we have IZ(s) ~ s _^ a ^ — , where Aq(L; u;h) is the volume constant (see 
§2.3) associated to L, u and h. 



Proof of lemma 3: 

Set q := E«e/ U ( Q )- We defme al > • • • > a<1 G M + \ M b y : 

{a* \ i = 1,. . . ,q} = I and Vae/ #{z <G {1, .., q} \ 0? = a} = u(a). 

We define then /Li 1 , . . . , pf G M.+ by: n k = a\ Vi = 1, . . . , n and V7c = 1, . . . , r. 

Set G(X) = l + -P(/ ;u: h)(X) := 1+X)fc=i ^fc X^. G is a generalized polynomial with positive 

coefficients. Moreover for any i = 1, . . . , q there exists k G {1, . . . , r} such that /uf = a|, 7^ 0. 
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It follows that P depends on all the variables X\, . . . , X q . 
We will first prove that for a 3> 0, TZ(s) = +oc [n G~ s (x) dx. 
Mellin's formula (1) implies that for all a 3> : 

^_ /•" 1+lo ° /•^ +i0 ° iVo-zi zr) ni = ir(a t + ^)rfz 

j ,a 1+Pl +ioo ra r +p r +ioo Y( S - Zl Z r ) ^=1 ^ Z 



«/ ai — ioo «/ a r 



W J ai+pl - lQO • • • J ar+Pr - ioo r(s) nLi ^ nLi «« fc > z > - 1) 

j ra-i+pi+ico ra r +p r +ico 

(2vri) f 



(2vri) 



/ •••/ r( S -*! — ^r^n^n^ 

x I / IT x i. ^ • • • I • • • dz r 

/ • • • / r( S - Z1 — Zr ) r(s)- 1 n n 

x / [T X_Z<M ' ^1 • • • dx q ) dzi . . . dz r 

\/[l,+oo[« / 

= / 7^7 / • • • / T (s - zi ^ T(s)- 1 [] r(*) 

r 

x ^/ij x M ^ dzi . . . dz r dx\ . . . dx q 

1=1 

= ! (l + V hi x^^) d Xl ...dx q = [ G- S (x)dx. 

J[l,+oo[i \ i=1 J J[l,+oo[ n 

So to conclude it suffices to check that s i— ► F(G;s) := L +OC) [„ G~ s (x) dx satisfies the 
conclusions of lemma 3. 

Let £°°(G) = conv (ySupp{G) — R^) denote the Newton polyhedron at infinity of G. De- 
note by Go the smallest face that meets the diagonal. It follows from Sargos' result (see 
§2.3) that there exists rj > such that Y(G\ s) has a meromorphic continuation to the 
half-plane {a > <j$ — f]} (where do = Oo(-P)) with moderate growth and exactly one 
pole at s = do of order pq := codimGo. Moreover a® is characterized geometrically by: 
crcT 1 ! = A n G = A n £°°(G) and Y(G; s) ^ff n where A (G) is the Sargos 

constant associated to the polynomial G. It is easy to see that in our case Aq(G) is equal 
to the volume constant Aq(I ;u;h) associated to /, u and h. 

By our hypothesis, we have 1 G con(I) = con ({ot k \ k = l,...,q}). Thus there exists 

q 

c = (ci, . . . , c q ) G K+ \ {0} such that 1 = ^ c k a k '. It follows that: 

k=l 

q q 

Vt = l,...,r (c,^) = J2c k ni = ^2c k af = 1. 

k=l k=l 

Since each fi % G supp(G), we conclude that L c := {x £ I 9 (c, x) = 1} is a support plane 



19 



of £°°(G). Thus: 

F c °° := L c n S°°(G) = conv ({// | i = 1, . . . , r}) is a face of the polyhedron £°°{G). (11) 

By our hypothesis we know that Y^!k=i a klA = ( a ; Q;J } = 1 Vi = 1, . . . , g, which implies 
1 r a 

_1 = £* M * G cont; ({,/ I i = 1, . . . ,r}) . Thus, ±1 G F c °° n A, that is, the face F c °° must 
a k=i a 

meet the diagonal at ^1. It follows that gq = a and that Go C F£°. Hence we deduce that: 

ord s=a Y (G; s) = codimGo > codimF^ = q — dimF£° 

> q — ranfc(({/i* | i = 1, . . . , r}) + 1 = q — rank([{a t \ i = 1, . . . , q}) + 1 

> q — rank(I) + 1 = u(a) — rank(I) + 1. 

But lemma 2 implies that ord s=a Y(G; s) = ord s=a lZ(s) < 1 + Ylaei u ( a ) ~ rank(I). So we 
have ord s=a Y(G; s) = Ylaei u ( a ) ~ rank(I) + 1. This completes the proof of lemma 3. 



4.2 Proof of theorem 1 



Let c G £/(P) = £/ n con* (supp(P)) and T = (7 C ; u) the polar type of / in it. 
Since ^ ^™ 1 l l '^™"' > < +oo for t = 1 + supj q, we certainly have 

/(mi, . . . , m n ) <C (mi . . . m n )* uniformly in m G N ra . (12) 



Let P G R+[Xi, . . . ,X n ] be a homogeneous polynomial of degree d > 1 which depends on 
all the variables Xi, . . . , X n . Set P(X) := ELi & fe X ^ ( & fc G M + Vfc )- 

Since c G con* (supp(P)) , there exists a = (ai, . . . ,a r ) G R+, such that c = Ylk=i a kl k ■ It 
follows that we have uniformly in x G [1, +oo[ n : 

r 

(xf . . . x^) 1/|a| = (xZZ=i(°k/\*\) ^) « x^ < P(x) « (xi . . . x n ) d . (13) 

k=l 

It is clear that (12) and (13) imply that the series Z(f;P;s) : = EmeN" P^Z^y7d has 
an abscissa of convergence ao < +oo. 

Moreover, (13) also implies that VM G N we have uniformly in x G [1, +oo[ n and s G C: 
P(x)-*/ rf = E^lo(- 1 ) fc (" S / d ) (! + P(x))- (s+dfc)/(i +0 ((1 + |s| M+1 ) (1 + P( x ))-W s )+ dM+d )/ d ) 
It follows that for M G N and cj > a : 

Z(f; P; S ) = ^(-l) fc 1+P; s+dk)+0 ((1 + | S | M+1 )^(|/|; 1 + P; a + dM + d)) . 

(14) 

Thus, it suffices to prove the assertion of the theorem for Z(f; 1 + P; s). 

Let a 1 , . . . , a n be n elements of Nq \ {0} defined by: at = 7^ for all i = 1, . . . , n and 
k = 1, . . . ,r. It follows from the assumptions on / that there exists e± > 1 such that 

z^T(T;P;z) := H c (/; (a 1 , z), ...,(«", z» (15) 
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has a holomorphic continuation with moderate growth to {z € C r | Vi 3l(zi) > — e±}. 
By using Mellin's formula (1) we obtain that for any p € R+ n and a > sup (ao, d\p\): 

T{s/d)z{f-i + p-s) = v( s /d) E ; Kmi r , "' ,mn L/ d 

= 2^ T^y .•••/. r ( s / d "^ «r)ll^^= ^Z 

Jpi-lOO J p r -lOO ,_i 



rpi+ioo rpr+ico 



= 2^72-7/ . ■■■/ . r ( s / d "M) 11-65-7=; ^)Y dz 

= T^-rJ ■■■ T( s /d-\z\)H^lM(f;( a \z),...,( a n ,z)) dz. 



For all j3 € I c , we set: 

== E?=i /W, £ = W) I /3 G 41, and u* = (u'fa))^, , 
where 

= E {/3e / c ; M (/3)=r,} ^ eI C- 

The relation c = Ylk=i a &7 fc implies that (a*, a) = q Vi. Therefore it follows from the 
previous computations that for all p G R+ 1 and for all a > sup (ctq, c?(|a| + \p\)), 



T(s/d) Z(f;l + P-s) 





;>ai+pi+ioo 


ra r +p r +ioo 


(2iriy . 


J ai+pi— ioo 


J a r +p r —ioD 




rpl+ioo 


rpr+ico 

1 n*/d 

p r — 'IOO 


{2iriY , 


J pi— ioo J 




r-pi+ioo 


1 T(s/d 

p r —ioo 


(2tt^ . 


J pi— ioo J 



T(s/d-\z\) fl^- M{f;(a\z),...,(cx n ,z)) dz 

i=i i 



n rK+^) T(T;P;z) 

fi rw<^>r (?7) 

We deduce from this that for any p G and a > sup (ao, d(\a\ + \p\)): 

1 rpi+ioc r-pr+ioo yi \ j 

^ /;1 + P;s ) = t^ / • / ; m i 1 // un ; ^) (16) 

(2vr«) r y pi _ ioo y Pr _ ioo ( s /d - | a j - (1, z» Ur,ei* fa, z )) 1 j 

where 

V(s;z) := (a/d- |a| - |z|) T{s/d - |a| - |z|)r(s/d) _1 ^JJr(oi + Zi)6p-^ T(T;P;z). 

By using the classical properties of the Euler T function (in particular Stirling's formula) 
and (15) it is easy to check that the assumptions of lemma 2 are satisfied. This implies 
that there exists r\ > such that s 1— > Z(f; 1 + P; s) has a meromorphic continuation with 
moderate growth to the half-plane {a > d\a\ — rf\ with at most one pole at s = d\a\. 
Since |c| = (l,c) = (1, Ylk=i a kl k ) = Ylk=i a fcl7 fc | = ^l a l> the proof of the theorem follows 
immediately. 
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Proof of theorem 2: 

We assume now that there exists c G £/(-P; 1) := JF(Sj)(1) n con* (supp(P)) satisfying: 



Lie con*(I c ); 

2. there exists a function L such that: M(f; s) = L (((/3, s))p e i c ). 

3. flc(/;O)^0. 

We also continue to use the notations of the preceding paragraph. Set 

(s/d — lal — Izl) T(s/d — lal — Izl) -A- iYa,- + z,-) , ~, . „ . m ^ „ 

z) : = — lu-^ — — II ^ and T ( z ) : = ( ; p ; z )- T ( r ; p 

Then V(s; z) := ?7(s; z) T(T; P; z) = H c (/; 0) U{s; z) + ?7(s; z) T(z). 
We note that the formula (16) can be written as follows: 



Z{f-l + P-s)=Z l {s) + Z 2 {s) (<r»0). (17) 



where 



Zl[s) - ~wrL-ioo "L 



H c (f;0) f^ +io ° [Pr +io ° U{s;z) dz 



;!L -joo Jp r ~ioo (s/d-\a.\- (l,z))l\ veIS (ri,z)) 1 

pi+JOO rpr+ioo 



i r pi+tQO r pr+tQO u{s-z)t(z) dz 

2 " {2mY i pi _ i00 '"V-ioo (s/d-\a\-(l,z})U v& i*(V,z)) U * iv) ' 

• Study of Z 2 (s): 

Since 1 G con*(I c ), there exists a set {i/?}^/ C such that 

1 = Yl/3ei c tfifi (i- e S^g/c tpPi = 1 Vi = 1, . . . , n). Consequently we have: 

J2 t P m = £ tp^TPio? = E ( E = E« ! = £(I>f)e fe = di. 

/3e/ c j3e/ c i=i i=i j3e/ c i=i fc=i »=i 

We conclude from this that 1 G con* (/*) \ {0}. 

Furthermore, assumption 2 implies that there exists a function L\ such that H c (f;s) 
L\ (((/3, s)) J a G / c ). But for any /3 G I c and for any z G C r we have, 

n / n \ 

£&<a l ,z) = = (M/3),z). 



i=l \i=l 



It follows that: T(T;P;z) := H c (/; (a 1 , z), . . . , (a", z)) = L x (((jjOJ),!))^). Conse- 
quently there exists a function L such that: T(z) = L (((rj, z)) ve j*) . Since in addition we 
have |c| = d|a|, T(0) = and 1 G con*(I*), it follows from lemma 2 that: 

or4 = | c |Z 2 (s) < pi - 1 where == £ - rank(I*) + 1 = poC^; P). (18) 

v eis 
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• Study of Zi(s) : 

It is easy to see that for a 3> : 

Moreover we know that H c (f; 0) / 0, 1 € con(I*), and (tj, a) = Ya=i Pi( ai , a ) = Ya=i Pi c i = 
((3,c) = 1 \/r/ = fi((3) e I*. Thus, it follows from lemma 3 that s = d\a\ = |c| is a pole of 

Zi(a) of order ^ and that Z^s) ~ 8 _| c , ff c(/ ; 0K° A)(-fc i u *i b ) ^ whgre ^ (/* ;u * ;b ) > 

(s — |c|) p ° 

is the volume constant associated to I*, u* and b. Combining this with (18), (17), and (14), 
implies that Z(f; P; s) has a pole at s = |c| of order p$ , and that 

Z(f-P-s) ~ Mc | Hc(/;0) ( ^°pf ;U * ;b) - This completes the proof of theorem 2. 



4.3 Proof of corollary 2 

Define a function / : N n — ► C by: /(mi, . . . , m n ) = YYj=i fj( m j)- ^ is easy to see that 

.M(/;s):= /(mi, . . . , m w ) CQnver g es aDso i u t e ly and satisfies 

^— ' mi . . . nin 

mi,...,m„>l 

•^(/; s ) : = ]lj=i ^(/j! s j) in ^ := {s G C n | cjj > Cj Vz}. It follows that / is a function of 
finite type, that c G S/ and that To is the polar type of / at c. 

In addition, we have H c (f;s) = (U7=i s?) M(f; c + s) = U?=i ^Z{f t ; a + Si )). Thus, 
H c (f; 0) = niLi ^ ^ °- The corollary now follows by theorem 2. <> 



4.4 Proof of corollary 3 

It is easy to see that corollary 3 follows from corollary 2. 

We first observe that N(1 B ; P; t) = N(f; P; t) where each fj : N -> C is defined by fj(m) = 1 
if m is k— free and fj(m) = if not. 

It is then a standard exercise to show that for all j and for a > 1: ^(/j! s) = Sm=i ^m7^ = 

=0 ^) ~~ <^iS) " ^ e assum Ptions of corollary 2 are then satisfied with: 
c = (1, . . . , 1) = 1, I = {ei, . . . , e n }, and Uj = 1, Aj = for all j = 1, . . . , n. 

Moreover it is easy to see in our case that the mixed volume constant Aq(Tq; P) is equal to 
the Sargos constant A (P). Thus, corollary 3 follows from corollary 2 and the expression 
for Aq(P) given by proposition 1. 



4.4.1 Proof of corollary 4 

We will derive corollary 4 from corollary 1. Let / := lp k be the characteristic function of D^. 
Set / := {ei,...,e n } and V f := {s e C n (/3,9ft(s)) > 1 V/3 G /} = {s G C n | ^ > 1 Vi}. 
It is clear that M(f;s) := ^2 meN n ^l'"'^^ converges in Vf. The multiplicativity of / 
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implies also that for all s G Vf. M.(f; s) = 



V 1 



A^i v {u,s) 
P \{v£N"; \u\<k-l} y 

Let c G <9Dy = {s G C n | > IVi with at least one equality}. 

Set / c := {/3 € / | (Ac) = 1} = {e; | a = 1} and ff c (/;s) := (n^A s>) A4(/;c + s). 
It is easy to see that for all s G C n satisfying <Tj > for all i, we have 

(19) 



ffc(/; S )= n^i.) nn^-i) e 

\ei67c / p e;6/ c \l"l<fc- 



p<i/,c)+<i/,s> 

|i/|<fc-l 

It follows from the standard properties of the Riemann zeta function and the definition of 
I c that there exists £o > such that s i— > H c (f;s) has a holomorphic continuation with 
moderate growth to {s G C n | o~i > — eoVi} given by the right side of the equality (19) 
above. Therefore / is a function of finite type. 

Moreover J r (Sj)(l) = {1} and c = 1 G con* (supp(P)) = In addition, it is easy to see 
that assumption (1) and (2) of theorem 2 are satisfied with c = 1. 
By analytic continuation, it follows also from (19) that 



ft</;o)-n(i-;) E i -n(>-;) 1 + E 



pi i i — / ,p\v\ I 11 y p/ \ ^— ' 



fe-l m+i-l 



> 0. 



We conclude that all three assumptions of theorem 2 are satisfied. We can then apply 
corollary 1 with: 

c = (1, . . . , 1) = 1 and T c = (i" c , u), where I c = {ei, . . . , e n } and u(ej) = 1 for all j. 
Moreover it is easy to see in our case that t(f) = |1| = n, that p(f;P) = po(T^;P) = 
Po(^i) = 1 an d that the mixed volume constant Aq{T\]P) is equal to the Sargos constant 
Aq(P). Thus, corollary 4 follows from corollary 1 and the expression for Aq(P) given by 
proposition 1. 



4.4.2 Proof of corollary 5 

Define for each k = 1, . . . , n and i = 1, 2, : N -» R + by fj® = A and 
/fc( m ) = log(m) if m is prime and f^\m) = if not. 

It is well known that under (RH ) each of the two Dirichlet series s t— > X) mg K A ,["^ and 
s h- > Y2pev nas nieromorphic continuation with moderate growth to the half-plane 
{9£(s) > 5} with a single pole at s = 1 of order 1 and residue equal to 1. 
Moreover, using the notations from corollary 2, we have % = (I; u), where I = {ei, . . . , e n } 
and u(ej) = 1 Vj. It follows that Ao(%; H) = A${H) is independent of i. Since if is elliptic, 
the Sargos constant Aq(H) is given by proposition 1. Thus corollary 5 also follows from 
corollary 2. <0 
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